Abstract. We classify rooted trees which have strictly unimodal q-polynomials (plucking polynomial). We also give criteria for a trapezoidal shape of a plucking polynomial. We generalize results of Pak and Panova on strict unimodality of q-binomial coefficients. We discuss which polynomials can be realized as plucking polynomials and whether or not different rooted trees can have the same plucking polynomial.
Introduction
We study in this paper properties of coefficients of the q-polynomial invariant of rooted trees. This invariant is defined, initially, for plane rooted trees using the recursive plucking recursive relation as follows . In our work, we use the convention that trees are growing up (like in Figure 1 .1). Definition 1.1. Consider the plane rooted tree T (compare Figure 1.1 ). We associate with T the polynomial Q(T, q) (or succinctly Q(T )) in the variable q as follows. where the sum is taken over all leaves, i.e. vertices of degree 1 (not a root), of T and r(T, v) is the number of edges of T to the right of the unique path connecting v with the root (examples are given in Figure 1 .1).
We call the polynomial Q(T ) the plucking polynomial of T motivated by the nature of the definition. We proved in that Q(T ) is a rooted tree invariant (so it does not depend on the embedding in the plane). It follows from the following result that we shall often use in the paper. Theorem 1.2. (1) Let T 1 ∨ T 2 be a wedge product of trees T 1 and T 2 ( T 1 T 2
). Then:
STRICT UNIMODALITY OF q-POLYNOMIALS
(2) Let a plane tree be a wedge product of k trees (
...
where E i = |E(T i )| is the number of edges in T i , and q-multinomial coefficients are defined by
Here [k] q = 1 + q + ...
q are called a q-integer and a q-factorial, respectively. Notice that for every ordering of numbers E 1 , E 2 , ..., E k we can decompose the q-multinomial coefficient E k +E k−1 +...+E 1 E k ,E k−1 ,...,E 1 q into the product of Gaussian polynomials:
(3) (State product formula)
where W (v) is the weight of a vertex (we can call it the Boltzmann weight) defined by:
where T v is a subtree of T with root v (part of T above v, in other words T v grows from v) and T v may be decomposed into a wedge of trees as follows:
. Notice that by (2), Q(T ) is a product of q-binomial coefficients. (iv) For a nontrivial tree T , that is a tree with at least one edge, we have:
is the number of edges growing up from v, that is the degree of v in the tree T v growing from v. The number c 1 of Q(T ) is called the branching number of T .
Notice that for trees of Figure 1 .1 we get Q(T ) = ( 
then we say we have an almost trapezoidal sequence with a top of length N − 2j. (7) We say that a polynomial in one variable q with nonnegative coefficients is symmetric unimodal (respectively, almost unimodal, trapezoidal, or almost trapezoidal) if its nonzero coefficients form a symmetric unimodal sequence (respectively, almost unimodal, trapezoidal, or almost trapezoidal). (8) We denote by P SU N the set of positive, symmetric, unimodal polynomials of degree N. 4
The classical result of Sylvester (1878, [Syl] ) established the unimodality of Gaussian polynomials (q-binomial coefficients):
For us the following observation of MacMahon is of importance:
For more basic information on Gaussian polynomials (q-binomial coefficients) we refer to [K-C] . In particular, Gaussian polynomials are symmetric centered at mn 2 and of degree mn. Our starting point is the result by Pak and Panova [Pak-Pan] describing almost strict unimodality of Gaussian polynomials and listing the exceptions from almost unimodality. {(5, 6), (5, 10), (5, 14), (6, 6), (6, 7), (6, 9), (6, 11), (6, 13), (7, 10)}.
Furthermore, in all exceptional cases but (6, 6) 1 the Gaussian polynomial is almost trapezoidal with a top of length 2 (3 terms). The explicit formula of (6, 6) is the following: In such a case, we say that the top of the polynomial has a shape of type (2, 1, 2); see Figure 1 .2 and compare to Definition 1.6.
Gaussian polynomials with m ≤ 4 are carefully analyzed in Sections 2 and 3 (see also [Lin, West] ).
We complete this section with a fairly general result concerning the structure of a product of two unimodal polynomials. Additionally, we define a preorder relation on unimodal polynomials and introduce the notion of their shapes. (1) For the product of two q-integers, we have:
for m ≤ n. We say that the product has a trapezoidal shape with base of length m + n and top of length n − m (n − m + 1 terms), see Figure 1 .3. (2) Let Q(q) ∈ P SU N thus it can be written as
Then d k = 0 if and only if there are i and j with b i = 0, b
Proof.
(1) follows directly from the definition of multiplication.
(2) follows by using (1) several times.
We stress that the simple observation in the proposition is very important and used several times in this paper.
Here we now define the notion of polynomials having the same shape (relation ≃). We consider the following preordering relation on nonnegative symmetric unimodal polynomials of variable q. We allow here b 0 or b ′ 0 to be equal to zero. Definition 1.6. Let
then we say that P (q) P ′ (q) (we say the shape of P ′ (q) dominates the shape of P (q)) if whenever b
, we say that the polynomials are shape equivalent or shortly they have the same shape, and write P (q) ≃ P ′ (q). If b i = 0, then we say that P (q) has a nontrivial row of length N − 2i at the height i. Proposition 1.5, despite its simplicity, immediately leads to useful properties: Corollary 1.7.
(1) Assume that P (q) ∈ P SU N and [n + 1] q is a q-integer with n ≥ N. Then the product P (q)[n + 1] q has a trapezoidal shape with a bottom of length N + n and top of length n − N. Furthermore, if n = N − 1, then P (q)[n + 1] q is strictly unimodal. In other words, in these cases, P (q)[n + 1] q has the same shape as
(2) If P 1 (q), P 2 (q) ∈ P SU N , P 1 (q) dominates P 2 (q), and P 3 (q) is a positive symmetric unimodal polynomial such that P 2 (q)P 3 (q) is strictly unimodal, then P 1 (q)P 3 (q) is strictly unimodal.
Another very simple corollary (or its variations) will be often used:
q has a trapezoidal shape with a top of length 2.
We also obtain the following concrete corollary which will be one of the basic bricks for our general results on strict unimodality of plucking polynomials.
Corollary 1.9. Let P (q) be one of the exceptional polynomials in [Pak-Pan] and d = deg(P (q)) then
is strictly unimodal with the following exceptions:
(1) 12 6,6 q
[3] q which has a trapezoidal shape with a top of length 2. (2) P (q)[d − 1] q which has a trapezoidal shape with a top of length 2. The next two sections are purely algebraic. Our starting point is Theorem 1.2 decomposing Q(T ) into a product of Gaussian q-binomial coefficients. Because of Theorem 1.4 of Pak and Panova, we have to pay special attention to factors of the type m+n m,n q with m ≤ 4; especially because by Proposition 1.5 we can already conclude that products of factors with m ≥ 5 are strictly unimodal.
2. Analysis of products of q-integers and Gaussian polynomials 2+n 2,n q
We start with an analysis of products of q-integers which will always have a trapezoidal shape. Our results are based on Proposition 1.5.
Proposition 2.1. Consider the sequence of positive numbers
q is always trapezoidal with base of length a 1 + a 2 + ... + a k and 8
(1) strictly unimodal if and only if a 1 + a 2 + ...
Proof. It holds for k = 2 as [a 1 + 1] q [a 2 + 1] q is a trapezoid with base of length a 1 + a 2 and top of length a 2 − a 1 by Proposition 1.5(1). Thus for strict unimodality we need a 2 = a 1 or a 2 = a 1 + 1. To complete the proof inductively, we only need to prove the case of three integers which can be restated as computing the product of a polynomial of trapezoidal shape with a q-integer. The inductive step reduces to this case. Therefore, we only need part (2) of the following lemma.
Lemma 2.2. Assume a ≤ b ≤ c and b − a is even. Then:
(1) (Absorption law) The shape of the polynomial (q Proof.
(1) follows directly from definition (it is a special case of Corollary 1.7).
(2) follows from (1). (3) follows by applying (2) twice and observing that P c,d (q) has the same shape as
We show here that the product of [k + 1] q is strictly unimodal if k + 2 ≤ 2n and 2n + 2 − k is not divisible by 4. If k + 2 ≤ 2n and 2n + 2 − k is divisible by 4, then the product has a trapezoidal shape with a top of length 2. If k ≥ 2n, then the product has a trapezoidal shape with a top of length k − 2n. 9
Proof. We compare summands of , then we get either a strictly unimodal polynomial or a polynomial of a trapezoidal shape with a top of length 2.
Proposition 2.4. The product 2+n 2,n q 2+m 2,m q is strictly unimodal if m and n have the same parity and is of trapezoidal shape with a top of length 2 (3 terms) if they have different parity.
Proof. We use the fact that Gaussian polynomials 2+n 2,n q have a shape of a step pyramid. Separating even and odd cases, we have:
We complete our proof by using Proposition 1.5 (2). (The polynomial has a trapezoidal shape with a top of length 2.)
Corollary 2.5. The product of three terms 2+n 2,n q 2+m 2,m q 2+k 2,k q is always strictly unimodal.
Proof. Two terms of the product have the same parity, so their product is strictly unimodal. Then we deduce from Proposition 1.5 (2) that the product of a strictly unimodal (PSU) polynomial and any q-binomial coefficient 2+n 2,n q is strictly unimodal.
We can also observe that by Proposition 1.5 (2), the product of 
Notice that each L(m, n) corresponds to a q-binomial coefficient
For an elementary approach to the relation between L(m, n) and qbinomial coefficients m+n m,n q we refer to [Sta-2]. Lindström [Lin] and West [West] introduced symmetric chain decompositions of S(3, n) and S(4, n), respectively. We will classify the shapes of the q-polynomials 3+n 3,n q and 4+n 4,n q by using their symmetric chain decompositions of L(3, n) and L(4, n), respectively. 11
c i q i has one of the following forms:
(1) if n = 2k + 1,
that is the polynomial has an almost trapezoidal shape with a top of length 3 (4 terms), (2) if n = 4k,
and we say that the top of the polynomial has a shape of type (2, 1, 2), the same shape as the shape with a top of type (2, 3, 2) as illustrated in Figure 3 .1. ; e.g., for k = 2:
Proof. We separate the proof into three cases. Case I. n = 2k + 1. Lindström [Lin] showed that S(3, n) can be decomposed into symmetric chains C n i , for i = 0, 1, · · · , k, with length 3n − 4i + 1.
Since L(3, n) \ S(3, n) is isomorphic to L(3, n − 2), we have
S(3, 2j + 1).
We can determine coefficients c i 's of q-polynomial in L(3, n) is the same with the set of all positive even integers which are less than or equal to 6k + 4 but neither 2 nor 6k + 2. Therefore, we have
Before we consider the other two cases, we define another subset
n−2 4 j=0 {S(3, 4j + 2) ∪ T (3, 4j + 2)}, if n = 4k + 2.
Lindström [Lin] proved that S(3, n) ∪T (3, n) can be decomposed into three types of symmetric chains C n , D n i , and E n i with lengths n + 1, 3n − 4i + 1, and 3n − 4i − 1, respectively:
Case II. n = 4k. Notice that |C 4j | = 4j + 1, |D i in L(3, n), then we can see that it is equal to {2l + 1 ∈ Z|0 ≤ l ≤ 6k}\{3, 12k −1}. Thus we have
Case III. n = 4k + 2. Note that |C 4j+2 | = 4j + 3, |D , and E 4j+2 i in L(3, n) is the same with {2l + 1 ∈ Z|0 ≤ l ≤ 6k + 3}\{1, 5, 12k + 5}, we have
Lemma 3.1 combined with Proposition 1.5 gives the following useful corollary which we use in Section 4.
Corollary 3.2. The product
(1) 4k + 1 3, 4k − 2 q 4 2, 2 q for k ≥ 2 see Figure 3 .2
The product polynomial has a trapezoidal shape with a top of length 2 (3 terms).
The product polynomial has a trapezoidal shape with a top of length k (k + 1 terms). (Trapezoidal shape with a top of length 2 (3 terms)). 
that is the polynomial with the top of the shape having type (2, 1, 2), Proof. Note that West [West] proved that S(4, n) can be decomposed with two types of symmetric chains C n ij and D n ij of lengths 4(n − 3i − j) + 1 and 4(n − 3i − j) − 5, respectively:
Since chains C n ij and D n ij are symmetric, we only need to consider their lengths to determine coefficients c i 's of q-polynomial 4+n 4,n q . Here the coefficient c i represents the number of integer sequences a in L(4, n) satisfying r(a) = i.
Note that |C n ij | ≡ 1 (mod 4) and |D n ij | ≡ 3 (mod 4). First, we easily check that the length of any chain cannot be 3 or 4n − 1 because |D
if n is even;
Then the set of all lengths of C n ij and D n ij in L(4, n) is the same as the set of all positive odd integers which are less than or equal to 4n+1 but neither 3 nor 4n − 1 if n ∈ N \ {1, 4}. Therefore
Lemma 3.4 combined with Proposition 1.5 gives the following useful corollary which we use in Section 4.
Corollary 3.5. The product polynomial 4 + n 4, n q m 2 + n 2 m 2 , n 2 q for n ≥ 4, m 2 , n 2 ≥ 1, is strictly unimodal with the following exceptions:
(1) 8 4, 4 q 5 2, 3 q .
The product polynomial has a trapezoidal shape with a top of length k (k + 1 terms).
Proof. Lemma 3.4 follows directly from Proposition 1.5 but we will do well a little longer on the case of We can draw the shape of the polynomial as in Figure 3 .3. is also of a trapezoidal shape of top of length 2. Other cases are treated similarly. 17
The main algebraic result
We are ready to combine the results from previous sections to decide which products of Gaussian polynomials are strictly unimodal and show that all nontrivial products (more than one factor different from 1) are of trapezoidal shape (if they are not strictly unimodal, then we give the length of top of the trapezoid). Our algebraic results are summarized in the theorem below.
Theorem 4.1. Consider a nontrivial product (at least two factors different from 1) of q-binomial coefficients:
Then:
(1) The product P (q) is always of a trapezoidal shape.
(2) If the product has no q-integer factors, then it is always strictly unimodal except with different parity of n (Proposition 2.4). In these cases the top of the resulting trapezoid has length 2. (3) If the product has exactly one q-integer factor [n + 1] q , the product P (q) is strictly unimodal with exceptions of the cases of 2n ≥ deg(P (q)) + 2 which have a trapezoidal shape with a top of length 2n−deg(P (q)) and products of the form [n+1] q m 2 +n 2 m 2 ,n 2 q , 2 ≤ m 2 listed in Proposition 2.3, Corollary 3.2, and Corollary 3.5. (4) The case of all factors being q-integers is described in Proposition 2.1. (See also Corollary 5.5.) (5) All other cases when P (q) is not strictly unimodal can be characterized as follows: Let [n+1] q be the largest q-integer factor of P (q) and let P (q) = [n + 1] qP (q). Assume also that n ≥ deg(P (q)) + 2. Then P (q) has a trapezoidal shape with a top of length n − deg(P (q)).
Proof. We already proved all of the main ingredients needed to demonstrate Theorem 4.1.
Tree realization and future plans
Our original problem was to characterize those rooted trees whose plucking polynomials are not strictly unimodal. We are not interested 18 in Gaussian polynomials b+a b,a q (analyzed carefully in [Pak-Pan] and follow up papers [Dha, Zan] ) which are plucking polynomials of trees with one splitting (Figure 5.1) . Such a tree after reduction 2 is denoted by T b,a . From our main algebraic result, Theorem 4.1, we obtain:
Corollary 5.1. Every tree which is different from T b,a with a string (Figure 5 .1) has a plucking polynomial Q(T ) of a trapezoidal shape. Consider a tree T whose reduction is not equal to T b,a . If we would like to decide whether Q(T ) is strictly unimodal and if it is not what the length of the top of the corresponding trapezoidal shape is, we can decompose Q(T ) into the product of Gaussian polynomials (not necessarily unique), as in Theorem 1.2, and then use Theorem 4.1.
We can however ask further questions:
(1) Which products of Gaussian polynomials can be realized by trees as Q(T )?, (2) To what extent is the realization unique? We answer the first question in Theorem 5.6. We discuss the second question in Subsection 5.2. 5.1. Realizations. We start from the rather pleasing criterion for the product of Gaussian polynomials to be realized as Q(T ) for some T. This will show, in particular, that 8 4,4 q 5 2,3 q of Theorem 4.1 cannot be realized as the plucking polynomial of any tree. We consider polynomials P (q) which can be represented by a fraction for which the numerator and denominator are products of q-integers. Every plucking polynomial can be written in this form. We denote the numerator and denominator of P (q) by N(P (q)) and D(P (q)), respectively.
is in a reduced form if a i = b j for any i, j.
It is well known that the reduced form is unique.
Theorem 5.3. Assume that the plucking polynomial Q(T ) of a rooted tree T is in a reduced form. Then
(
is the greatest q-integer in N(Q(T )).
(1) Let T be a rooted tree. We consider every vertex of degree ≥ 3, including the root if the degree of the root is ≥ 2, denoted by v 0 , v 1 , . . . , v m where v 0 is the root of the greatest subtree of T . Then
where T v is the subtree of T with root v and k v i + 1 is the degree of v i , especially if v 0 is the root of T, then k v 0 will be the degree of v 0 (compare with Theorem 1.2(3) "State product formula"). Then in the reduced form Q(T ) of Q(T ), every [E(T v i )] q ! which is the numerator of
for 1 ≤ i ≤ m will be canceled out (because each subtree T v i belongs to the next greater subtree
(2) Since T = T 1 ∨ · · · ∨ T k and k ≥ 2, the tree T is reduced. Then by the similar argument in the proof of (1)
the greatest q-integer in the numerator of the reduced form of Q(T ) is |E(T )|.
Example 5.4. 
where a 1 ≤ a 2 ≤ ... ≤ a k can be realized as a q-polynomial of some rooted tree Q(T ) if and only if all inequality are strict, that is a 1 < a 2 < ... < a k .
Proof. (if)
We proceed by induction on k, the number of factors in the product. [a 1 ] q can be realized by a tree. Then in the inductive step we attach at the bottom the tree of size a k − a k−1 as illustrated in the Figure 5 As a generalization of Corollary 5.5, now we give a complete solution to the first characterization problem we asked in the beginning of this section. Recall that the plucking polynomial of any rooted tree can be written as the product of q-binomial coefficients.
Theorem 5.6. Consider a product of q-binomial coefficients:
Then the product can be realized as Q(T ) for some rooted tree T if and only if the numerator of P (q) does not repeat any q-integer.
Proof. According to Theorem 5.3, it suffices to show that if the numerator of P (q) does not repeat any q-integer, then there exists a rooted tree T such that Q(T ) = P (q). Without loss of generality, we assume that
Namely, A is a set which contains k − 1 integers and B is a set which consists of 2k integers. If the numerator of P (q) does not repeat any qinteger, we claim that there exists an injection f from A to B such that f (m i +n i ) ≥ m i +n i , for all 2 ≤ i ≤ k. In fact we can define f beginning with m 2 + n 2 , if m 1 ≥ m 2 + n 2 , then we define f (m 2 + n 2 ) = m 1 . 21
Next let us consider m 3 + n 3 , if any one of {n 1 , m 2 , n 2 }, say, n 2 , is greater than or equal to m 3 + n 3 , then we define f (m 3 + n 3 ) = n 2 . The key point is this process will not stop until all elements of A have been assigned an image under f . If not, we assume that after defining f (m 2 + n 2 ), · · · , f (m i−1 + n i−1 ) we can not find the image of
)} is greater than or equal to m i + n i , it follows that the q-integer [m i + n i ] q appears at least twice in the the numerator of P (q). This contradicts with the assumption. Now we explain how to construct a binary rooted tree T with Q(T ) = P (q). First we regard T as the wedge product of T 1 and T 2 , where |E(T 1 )| = m 1 and |E(T 2 )| = n 1 . If f (m 2 + n 2 ) = m 1 , then T 1 can be described as the wedge product of T 3 and T 4 with a string consists of m 1 − (m 2 + n 2 ) edges, where |E(T 3 )| = m 2 and |E(T 4 )| = n 2 . With the help of f , we can construct T step by step. In particular, if some integer, say n 1 , is not the image of any element in A under f , then T 2 is a straight line with n 1 edges. In this way finally we can obtain a binary tree T such that Q(T ) = P (q). See Figure 5 .3 for a simple example.
5.2. Uniqueness. We have an infinite number of different rooted trees with the same reduced form (i.e. string can be of any length) therefore with the same plucking polynomial. However, for reduced rooted trees we have:
Proposition 5.7. For reduced rooted trees, the function T → Q(T ) is finite-to-one.
Proof. By Theorem 5.3(2) the polynomial Q(T ) determines the number of edges of a reduced rooted tree T. Because we can have only a finite number of trees with given number of edges, the proposition follows. As we have seen in Figure 5 . Proof. First we claim that if we write T in the form of a wedge product T 1 ∨ · · · ∨ T n , then n = 2 and |E(T 1 )| = 1. By Theorem 5.3 (2) We end this paper with a problem.
Problem 5.10. Find a family of moves on rooted trees that preserve plucking polynomial such that if two trees have the same plucking polynomial, then they are related by a finite number of moves.
An example of an elementary move is illustrated in Figure 5 .5 where we modify a tree by exchanging T 1 and T 2 where |E(T 1 )| = |E(T 2 )|. Maybe this move solves the problem above. 
